We study branes residing in infinite volume space and of finite extent in the transverse directions.
Introduction
The weakness of the gravitational force has been successfully explained by postulating the existence of extra dimensions [1] [2] [3] [4] [5] . The effect of the extra dimensions is a high-energy modification of Newton's Law of gravity due to the tower of Kaluza-Klein modes. When the extra dimensions are of infinite volume, light Kaluza-Klein modes may dominate even at low energies [6] [7] [8] .
Thus, unlike with finite-volume extra space, Newton's Law is modified at astronomically large distances [9] [10] [11] [12] [13] [14] [15] [16] [17] . Dvali and Gabadadze [7] showed that this is not the case if the infinite space in which the brane lives has dimension D > 5. They studied a three-brane of the δ-function type and showed that the graviton propagator has a four-dimensional momentum dependence on the brane even at low energies. This feature is expected to persist if the brane is of finite thickness ("fat") in the transverse directions for phenomenologically relevant values of the momentum. For extremely low energies, a fat brane should lead to a higher-dimensional behavior of the propagator. This was discussed qualitatively in [7] .
Here, we present a quantitative study of a fat brane in infinite volume extra space. By linearizing gravity in the harmonic gauge, we arrive at an explicit form of the graviton propagator. First, we obtain the propagator for the trace of the metric field over the transverse directions. The trace is a scalar field from the four-dimensional brane point of view. For finite momentum, this scalar propagator is seen to rapidly oscillate over the transverse width of the brane. By averaging over the transverse width, we obtain the expected behavior [7] in the limit of a δ-function brane.
This scalar then contributes to the four-dimensional graviton propagator as a source, in addition to the matter fields. This complicates the tensor structure of the graviton propagator which becomes momentum dependent.
The five-dimensional (D = 5) case is special and does not share all of the features of higher dimensional case [6] . In particular, the five-dimensional model appears to be plagued by the van Dam-Veltman-Zakharov (vDVZ) discontinuity of massive gravity [18, 19] . This issue has attracted some attention recently [20] [21] [22] [23] . It was argued in [23] that the discontinuity can be avoided by bending the brane through a coordinate transformation. This bending can be large even if the matter sources are weak. We will show that the finite thickness of the brane allows for a straightforward solution to the problem of the vDVZ discontinuity: there exists a gauge choice in which the discontinuity is absent. This gauge has a singular limit as the brane becomes infinitely thin, but it can be simply expressed in terms of the metric field if the brane is fat. Keeping the thickness of the brane finite may be advantageous in avoiding the vDVZ discontinuity when higher-order loop effects are included.
Our discussion is organized as follows. In section 2, a brane-bulk action is considered which is similar to the action of ref. [7] but generalized to allow for a brane of finite thickness in the bulk. We linearize Einstein's equations and obtain the solution for the graviton propagator. The solution is then studied as a function of momentum including its full tensor structure. In section 3, we specialize to five dimensions. We show the existence of the vDVZ discontinuity in the harmonic gauge. We then discuss a different gauge choice which avoids the discontinuity. We conclude with a summary of our results in section 4.
D-Dimensional Fat Brane Model
We are interested in the dynamics of a 3-brane in a D-dimensional infinite space. The 3-brane is allowed to have finite thickness in the bulk-space with extent governed by the density function σ Λ (y). The action is similar to the one discussed in ref. [7] , For explicit calculations, we will choose a step-function form of the density σ Λ ,
where ω D−4 is the surface area of the unit n-dimensional sphere. In the limit Λ → ∞, the density
. This continuous distribution of the 3-brane may be thought of as the continuous limit of a discrete set of the four-dimensional hypersurfaces (inifintely thin 3-branes) discussed in [7] .
Linearized gravity
Expanding around a flat background,
the first-order Einstein equations are as follows. The transverse components give
The mixed components give
and the brane worldvolume components imply
where we have chosen a matter source described by the stress-energy tensor T µν localized on the hypersurface y = 0 and whose transverse components vanish (T mn = T µn = 0). Indices are raised and lowered by the flat metric tensor η AB . To solve the field equations, we shall choose the harmonic gauge:
we obtain from (4) and (5), respectively,
so we may set
Then the brane worldvolume components of Einstein's equations can be written in the following form:
Performing a Fourier transform in the brane worldvolume coordinates x µ and multiplying by a conserved stress-energy tensor T ′ αβ , we obtain
To solve this equation, first we need to findh ν ν andh n n . Taking the trace of eq. (12), we obtain
where we used eq. (11) to expressh µ µ in terms ofh n n . This is an equation for the fieldh n n (trace over transverse directions of the metric field), which is a scalar from a four-dimensional point of view. The solution is obtained on the brane and in the bulk in terms of the Green function to the scalar wave equation,
The traceh n n is proportional to the scalar propagator,
The scalar Green function can be found explicitly in terms of Bessel functions,
inside the brane (y ≤ 1/Λ), and outside the brane,
where
and we have introduced the constant k λ given by
Notice that inside the brane, the scalar field h n n oscillates rapidly over the transverse width of the brane. To define its value on the brane, we shall average over the transverse directions. Define
A short calculation yields
To obtain the graviton propagator, we will also need the Green Function which is the solution to eq. (15) when λ = 0. We similarly obtain
and
Notice that this propagator does not oscillate over the transverse width of the brane. Its average value on the brane is given by
Having solved for the trace of the metric field over the transverse directions, h n n , we are ready to deduce the form of h µν . Using eq. (11) to express h µ µ in terms of h n n , we may write eq. (13) as
Thus, there are two effective sources of h µν , a δ-function matter field source, and the scalar field h n n , which amounts to a rapidly oscillating source over the entire brane width. Of course, the latter is also due to the matter fields, and the distinction between the two sources is not unambiguous. One may use eq. (15) to rearrange the two terms on the right-hand side of (29) and conveniently change the tensor structure of the "matter contribution." The solution to eq. (29) is readily obtained in terms of the scalar Green function G 0 (eqs. (23) and (24)),
Notice that the second term on the right-hand side of (30) vanishes for D = 5. It also vanishes when p 2 = 0 in all dimensions. In the latter case we deducẽ
Outside the brane, we obtain using eq. (24),
In six dimensions (D = 6), the Green function has a logarithmic singularity at p 2 = 0. Thus, the Green function at vanishing momentum has a D-dimensional tensor structure. This is in agreement with the δ-function brane [7] ; there are no corrections due to the finite width. Now suppose p 2 = 0. In general, it is hard to arrive at an explicit expression for the graviton propagator (30). For y > 2/Λ, the integral on the right-hand side of (30) can be explicitly evaluated. Thus, in the bulk we obtaiñ
In the limit that the brane becomes 'thin' (Λ → ∞), we obtaiñ
leading to a complex tensor structure that depends on the momentum. Notice that the zero momentum limit does not agree with our earlier zero-momentum result (31). This is because in taking the large Λ limit, we held the momentum fixed. This effectively placed the momentum above the critical value p c (to be discussed in the next subsection), which goes to zero as Λ → ∞.
In other words, the limits Λ → ∞ and p 2 → 0 are not interchangeable.
From eq. (24), we see that the Green function becomes exponentially small.
so for a δ-function brane the graviton propagator vanishes in the bulk, in agreement with [7] . For large but finite Λ, we deduce that interactions between matter confined to the brane worldvolume and the bulk matter are exponentially suppressed. The above conclusions do not hold for the scalar field h n n which is given in terms of the scalar propagator G λ (p; y > ) (eqs. (16) and (18)). Due to the oscillatory behavior of the Bessel function entering the coefficient A λ (eq. (19) ), the scalar field h n n is not suppressed in the bulk (except for low dimensions D, in which case there is a power law suppression) and the limit Λ → ∞ cannot be reached smoothly.
For the region inside the brane,it is convenient to use eq. (14) to bring (30) to the form
where we also integrated by parts to change the placement of the Laplacian
After averaging over the brane, we find that the second term on the right-hand side of (37) is exponentially small in the large Λ limit. Then using eqs. (28) and (25), we obtaiñ
Thus, inside the brane the graviton exhibits a four-dimensional behavior in its momentum dependence as well as in its tensor structure [7] . Corrections due to the finite width 1/Λ are exponentially suppressed. On the other hand, for the scalar propagator G Brane λ (p), we obtain a complicated momentum dependence from eq. (22). We obtain the expected pole 1/p 2 which survives the Λ → ∞ limit. Moreover, we have significant corrections at finite Λ oscillating rapidly as a function of momentum whose large Λ limit is ambiguous. However, the scalar field h n n is expected to become heavy when radiative corrections are included and therefore decouple from low energy dynamics.
Momentum Dependence of the Graviton Propagator
Having understood the large Λ limit, we now turn to a study of the momentum dependence of the graviton propagator keeping Λ finite. By introducing the width 1/Λ, we have added a scale to the theory in addition to the mass scales M and M. It follows from the explicit form of the propagator that the relevant scales are Λ and Λ/k, where k is the dimensionless constant given by (27) or (20) . Phenomenologically, one expects Λ ∼ M and M ≪ M. So we shall restrict attention to momenta that are well below the scale Λ (p ≪ Λ). This range is divided by the scale
into a small momentum (p ≪ p c ) and a large momentum (p ≫ p c ) regime. Qualitatively, one expects four-dimensional behavior of the graviton propagator for large momenta and Ddimensional behavior for small momenta [7] . We wish to study this behavior quantitatively.
For p ≪ p c , the second term on the right-hand side of eq. (30) does not contribute to the graviton propagator. Therefore, we obtaiñ
In the bulk, we deduce from (24),
which is the propagator for a D-dimensional scalar field. Therefore, the graviton behaves as a D-dimensional field in both its momentum dependence and its tensor structure in the bulk.
Notice also that in the p → 0 limit, we reproduce our earlier result, eq. (31), which is valid at
On the brane, after averaging over its transverse width, eq. (40) yields
where we used eq. (28). It is easy to see that the 1/p 2 pole vanishes. The first non-analytic term can be found from the expansion
for integer N, where the dots represent higher-order and analytic terms. Applying this to eq. (42), we obtainh
exhibiting D-dimensional behavior.
Similar conclusions may be drawn for the trace h n n for small momenta. The large momentum (p ≫ p c ) coincides with the large Λ limit, which we have already discussed.
To summarize, we obtained four-dimensional bahavior for the graviton on the brane (eq. (38)) and showed exponential suppression in the bulk (eq. (33)). For the trace h n n , the momentum dependence was found to be considerably more involved. On the brane, we obtained a 1/p 2 pole (eq. (22)) leading to Newton's Law. Moreover, there were oscillatory contributions both in the bulk and on the brane (due to eq. (19)).
Fat Brane in Five Dimensions
In this section we restrict our attention to the five-dimensional case which is special. A δ-function brane does not lead to four-dimensional dynamics except for large momenta, unlike the higher dimensional theories [6] . Moreover, the theory apprears to suffer from the vDVZ discontinuity of massive gravity [18, 19] . This problem has attracted attention recently [20] [21] [22] [23] and it was argued that it is not present if the full theory (beyond linearization) is considered. This problem is still present when the brane is given finite width in the fifth dimension. Our aim is to show that there exists a gauge choice in which the vDVZ discontinuity is absent. It turns out that the width of the brane enters the definition of the new gauge in an essential manner; it has a singular limit when the width vanishes.
The Harmonic Gauge
From (30) for D = 5, we deduce that the graviton propagator is given bỹ
both inside the brane and in the bulk. Thus, the smeared out source that complicated calculations in D > 5 is absent. From eqs. (24) and (28), we have
in the bulk and
on the brane, where k is given by (27) for D = 5. In the limit of Λ → ∞, we obtaiñ
which is in agreement with the result from a δ-function brane [6] .
On the other hand, we do not obtain sensible dynamics for the scalar field h µ µ (the trace of the four-dimensional metric field). Indeed, from the equation for the trace (14) we deduce
showing that the scalar field h µ µ does not see the brane at all. Thus, in the decoupling limit M → 0, we obtain a divergent expression for h µ µ . This implies that h µ µ does not have the standard four-dimensional interpretation it ought to. This has an effect on the metric field h µν as well which is hidden by the convolution with a conserved stress-energy tensor we applied to arrive at (45). Without convoluting with the stress-energy tensor, it is straightforward to show, starting from (12) , that the metric field is given bỹ
In the decoupling limit, the second term on the right-hand side diverges on account of (49). However, neither the trace h µ µ nor the metric h µν itself is a gauge-invariant quantity. An appropriate expression in the decoupling limit may be obtained by a different gauge choice which we proceed to discuss next.
Alternative Gauge Choice
Instead of the harmonic gauge (7), let us choose a variant,
where ξ is a field linear in h AB yet to be determined. The transverse and mixed components of Einstein's equations (eqs. (4) and (5)) in the new gauge imply
and the spacetime components one obtains from eq. (6) are (cf. eq. (12))
where we used (52). The trace is now obtained as
instead of eq. (49). If we demand that h α α obey the scalar equation
then we ought to choose
Notice that this gauge choice is singular in the Λ → ∞ limit, because the support of ξ is inside the brane. In the bulk, the new gauge choice coincides with the harmonic gauge (7). For finite Λ, the new gauge has a simple expression in terms of the metric field, as evidenced in (56). We may now see how this choice affects the metric perturbations. After some algebra, we deduce from (53) that the metric field h αβ obeys
whose solution is well-behaved in the decoupling limit M → 0. Unlike the expression for the metric in the harmonic gauge (50), the metric in the new gauge no longer contains the graviphoton term which diverges in the decoupling limit. We obtaiñ
instead of (50). It is easily seen from eqs. (46) and (47) that in the decoupling limit, k → ∞, and soh αβ → 0 in the bulk whereash αβ →
in the brane, as expected.
To elucidate the effect of the new gauge in the limit Λ → ∞, notice that the metric fields h AB in the two gauges (7) and (51) are related to each other via a coordinate transformation of the form
If ξ is small (in the presence of a weak matter source), the effect on h AB is first-order:
By assuming that h AB is a solution to the Einstein equations in the harmonic gauge and demanding that the transformed metric field obey the gauge condition (51) as well as the Einstein equations (52), we determine the parameters ω and χ in terms of ξ,
In the limit Λ → ∞, using eqs. (56), (58), we obtaiñ
This shifts the position of the brane [23] . In the presence of strong matter sources on the brane (e.g., black holes), the coordinate transformation relating the two gauges is no longer linear and an explicit expression cannot be obtained in general in the limit of a δ-function brane.
Nevertheless, the new gauge is well-defined and simply expressed (eq. (56)) in terms of the metric field if the thickness of the brane is finite.
Conclusion
The main objective of the present work was to analyze quantitatively the gravitational effects on a brane of finite extent in the transverse directions ("fat"). We obtained an equation for the graviton propagator which we then proceeded to solve in two steps. First, we obtained the propagator for the trace h n n over the transverse directions of the metric field, which is a scalar from the four-dimensional point of view. This propagator exhibited an oscillatory behavior both in the bulk and on the brane. Thus, the limit of a δ-function brane was ambiguous. However, radiative corrections are expected to make scalars such as h n n heavy and therefore they will decouple from low energy dynamics [7] . The trace h n n acted as an effective source term for the graviton propagator in addition to a δ-function contribution from the matter source. This complicated the tensor structure of the graviton propagator which became momentum dependent. We showed that the finite-width effects were in general suppressed and provided a quantitative assessment.
We then analyzed the five-dimensional case separately, because it does not share all the features that are common in higher dimensions. Moreover, there is an interesting issue in five dimensions related to the vDVZ discontinuity of massive gravity [20] [21] [22] [23] . We showed that it is possible to choose a gauge that avoids the vDVZ discontinuity. We obtained a simple expression for this gauge in terms of the metric field. The finite thickness of the brane played an essential role in our approach, because the new gauge choice was singular in the limit of a δ-function brane. Of course, a new gauge choice may be obtained from the old gauge (harmonic) by a coordinate (gauge) transformation. The latter has a well-defined limit as the thickness of the brane vanishes. In the case of weak matter sources, we obtained an explicit expression for this coordinate transformation amounting to the bending of the brane in the fifth dimension, in agreement with previous results [23] .
